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Integral Cup 2025 – Phase 1 Preliminary Exam 
QuesƟon Paper & Answer Key 

 

Q1.   𝑎 = ∫
ୟ୰ୡ୲ୟ୬ ௫

௫

ଵ

଴
 𝑑x 

𝐹𝑖𝑛𝑑  ෍
1

(4𝑟 + 1)ଶ
 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑎,

ஶ

௥ୀ଴

 

𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 ෍
1

𝑟ଶ

ஶ

௥ୀଵ

=
𝜋ଶ

6
 

 
a. 0.616 +

௔

ଶ
 

b. 0.739 +
௔

ଶ
 

c. 0.232 +
௔

ଶ
 

d. 0.114 +
௔

ଶ
 

 

Q2.   𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙:   ∫
௦௜௡య௫

௫

଴

ିஶ
 𝑑x 

 Given 𝜋  =  3.14159265 

a. 0.785808 

b. 0.785087 

c. 0.785398 

d. 0.785420 
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Q3.   𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙: ∫ 𝑒ି൫௔௫మା௕௫ା௖൯ஶ

ିஶ
 𝑑x 

a. √గ⋅௘
షቆ

రೌ೎ష್మ

రೌ
ቇ

√௔
 

b. √గ⋅௘
షቆ

್మ ష రೌ೎
రೌ

ቇ

√௔
 

c. √గ⋅௘
షቆ

రೌ೎ష್మ

మೌ
ቇ

√௔
 

d. √గ⋅௘
షቆ

రೌ೎ శ ್మ

రೌ
ቇ

√௔
 

 

Q4 . 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 ∫ ln(1 − 𝑒௡௫)  𝑑𝑥
଴

ିஶ
 

𝑔𝑖𝑣𝑒𝑛  ෍
1

𝑟ଶ

ஶ

௥ୀଵ

=
𝜋ଶ

6
 

 

a.  
గమ

଺௡
 

b. −
గమ

଺௡
 

c. − 
௟௡మ(௡)

ଶ
 

d. ଵ

௡మ 
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Q5. Evaluate the integral, given that the infinite sum of the sixth powers of the reciprocals 

of natural numbers is a. 

 

 

a. 120a 

b. 48a 

c. 240a 

d. 216a 

 

 

Q6. Evaluate the integral 

 

 

 

a. N 

b. D 

c. S 

d. d 
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Q7.   Find y(1) 

  

a. 1 

b. 2 

c. -1 

d. 0 

 

 

 

Q8.  Assume leŌ integral is A and right one is B then, 

𝐿𝑒𝑡 ( 𝑓(𝑥) ) 𝑏𝑒 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠𝑙𝑦 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒.       

𝐷𝑒𝑓𝑖𝑛𝑒 𝐻(𝑥)  =   ෍ 𝑓ᇱ(𝑐௜)  

⌊ ௫ ⌋

௜ୀ଴

  

𝑤ℎ𝑒𝑟𝑒 ( 𝑐௜ ) 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒 𝑀𝑒𝑎𝑛 𝑉𝑎𝑙𝑢𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 (𝐿𝑀𝑉𝑇)  

𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 ( [0,  1], [1,2], … , [⌊𝑥⌋, 𝑥]). 

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙𝑠: 

න 𝐻(𝑥)𝑑𝑥
ଵ

଴

   and    න 𝑓(⌊ 𝑥 ⌋)𝑑𝑥
ଵ

଴

.    

 

a. A = B 

b. A > B 

c. A < B 

d. A <= B 
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Q9. Compare the following two integrals 

𝐴 = න 𝑒௫(௜ି௫)
ஶ

ିஶ

 𝑑x         𝐵 = න 𝑒ି௫మ
cos 𝑥

ஶ

ିஶ

 𝑑x 

a. A <= B 

b. A > B 

c. A is divergent 

d. A is complex and B is real 

 

Q10. Given the curve: 𝑦 = 𝑒ି௫మ
 

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (𝐴) 𝑏𝑒 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠: 𝐴൫√ln 2 , 0.5൯ 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑎 𝑝𝑜𝑖𝑛𝑡 (𝐵 ) 𝑜𝑛 𝑡ℎ𝑒 𝑐𝑢𝑟𝑣𝑒 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ( 𝑦  >  0.5 ).  𝐹𝑟𝑜𝑚 ( 𝐴 ),  𝑑𝑟𝑎𝑤 𝑎  

𝑙𝑖𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑦  −  𝑎𝑥𝑖𝑠,  𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 ( 𝐵 ),  𝑑𝑟𝑎𝑤 𝑎 𝑙𝑖𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑥 

− 𝑎𝑥𝑖𝑠 𝑢𝑛𝑡𝑖𝑙 𝑡ℎ𝑒𝑦  

𝑚𝑒𝑒𝑡 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 ( 𝐶 ). 

𝑇ℎ𝑒 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 △ 𝐴BC 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 ,  𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑎𝑠 △ (𝑥). 

𝐼𝑓 𝑤𝑒 𝑒𝑥𝑡𝑒𝑛𝑑 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓  △ (𝑥) 𝑓𝑟𝑜𝑚  ൤−
1

2
, 1൨  𝑡𝑜 (−∞, ∞), 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙: 

න ቆΔ(𝑥) +
√ln 2

4
ቇ

ஶ

ିஶ

 𝑑𝑥 

(𝐼𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛: 𝐷𝑜 𝑛𝑜𝑡 𝑢𝑠𝑒 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑓𝑜𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑠. ) 

 

Ans =  ______________ 
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Q11.   The condiƟon part is subjecƟve. It is only for Ɵebreakers. 

Now, cut the ellipsoid with a plane perpendicular to the 𝑥 − 𝑎𝑥𝑖𝑠 at some fixed 𝑥 obtaining an ellipse 

𝐸 in the . Next, take this ellipse 𝐸 and translate it parallel to the 𝑥𝑧 − 𝑝𝑙𝑎𝑛𝑒 from the posiƟve 𝑧 − 𝑎𝑥𝑖𝑠 

to the negaƟve 𝑧 − 𝑎𝑥𝑖𝑠 in such a way that a second, idenƟcal ellipse is completely enclosed within it. 

Find the area of the resulƟng shaded region formed due to this transformaƟon. Consider a surface 

given by:  

𝑥ଶ

𝑎ଶ
+

𝑦ଶ

𝑏ଶ
+

𝑧ଶ

𝑐ଶ
= 1, 𝑤ℎ𝑒𝑟𝑒 𝑏 > 𝑐 > 𝑎 

Two planar secƟons are made: 

1. The first secƟon is taken at 𝑥 = 𝑘, yielding a planar curve in the 𝑦𝑧 − 𝑝𝑙𝑎𝑛𝑒. 

2. The second secƟon is taken at 𝑦 = ℎ, yielding a planar curve in the 𝑥𝑧 − 𝑝𝑙𝑎𝑛𝑒. 

 Let the areas of the two cross-secƟons be 𝐴ଵ and 𝐴ଶ, respecƟvely. Compute the absolute difference 

|𝐴ଵ − 𝐴ଶ| in terms of 𝑎, 𝑏, 𝑐, 𝑘, ℎ, and determine under what condiƟons one secƟon encloses a strictly 

larger area than the other. 

a. 𝜋𝑐 ⋅ ቤ𝑏ට1 −
௞మ

௔మ − 𝑎ට1 −
௛మ

௕మቤ 

b. 𝜋𝑐 ⋅ ቤ𝑏ට1 −
௛మ

௕మ − 𝑎ට1 −
௞మ

௔మቤ 

c. 𝜋𝑏 ⋅ ቤ𝑐ට1 −
௞మ

௔మ − 𝑎ට1 −
௛మ

௕మቤ 
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Q12. 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑎 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝐺𝑢𝑎𝑠𝑠𝑖𝑎𝑛 𝑚𝑎𝑛𝑖𝑓𝑜𝑙𝑑 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦: 

𝑀௡: 𝑧 = 𝑒ି൫௫భ
మା௫మ

మା⋯ା௫೙
మ ൯  

Find the volume enclosed between 𝑀௡ and the plane 𝑧 = 0 over the  

domain 𝑥ଵ, 𝑥ଶ, … , 𝑥௡ ∈ 𝑅௡. 

For the beginners, manifold simply means surface ;) 

a. గ(೙షభ)/మ

ଶ
 

b. గ೙

ଶ
 

c. ଵ

ଶ೙ 𝜋௡/ଶ 

d. 
𝜋𝑛/2

2
 

 

Q13.  𝐸𝑣𝑎𝑙𝑢𝑡𝑒 𝑡ℎ𝑒 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙  

𝐼 = න 𝑒ି௫మ
ଵ

ିଵ

 𝑑𝑥 

𝑏𝑦 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑛𝑔 𝑖𝑡 𝑎𝑠 𝑡ℎ𝑒 𝑙𝑖𝑚𝑖𝑡 𝑜𝑓 𝑎 𝑠𝑢𝑚:   

lim
௡→ஶ

1

𝑛
෍ 𝑒

ିቀ
௥
௡

ቁ
మ

௡

௥ୀି௡

 

𝑱𝒆𝒏𝒔𝒆𝒏’𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝑺𝒕𝒂𝒕𝒆𝒎𝒆𝒏𝒕: 

For a convex funcƟon 𝑓 and set a weights (λ௜) summing to 1, 

𝑓 ቀ෍ 𝜆௜𝑥௜ቁ ≤ ෍ 𝜆௜𝑓(𝑥௜). 

Using Jensen’s inequality with 𝑓(𝑥) = ln 𝑥, determine the best possible lower bound for 𝐼. Provide a 

numerical answer for this bound. 

Ans = ___________ 
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Q14. In a thermodynamic system, heat 𝑄 is a funcƟon of entropy 𝑆 and temperature 𝑇, given 

by  𝑄(𝑆, 𝑇).  It is known that entropy and temperature are independent, i.e., 

𝑑𝑆

𝑑𝑇
= 0. 

AddiƟonally, the system saƟsfies the differenƟal relaƟons: 

𝑑𝑄

𝑑𝑇
= 𝑇5, 𝑎𝑛𝑑  𝑑𝑆 =

𝑑𝑄

𝑇
 . 

We also define another given condiƟon: 

𝑑𝑄

𝑑𝑆
= 𝑇𝑒𝑇. 

IniƟally, at temperature 𝑇 = 1 𝐾, the heat is 𝑄 = 0.Find the total heat 𝑄 at infinite temperature 𝑇 →

∞. 

AddiƟonal InformaƟon for CalculaƟon: 

It is given that the infinite series 

෍
1

𝑟଺

ஶ

௥ୀଵ

=
𝜋଺

945
≈ 1.017343. 

Use this informaƟon to compute 𝑄. 

Guidelines for this quesƟons as this quesƟon represents hypotheƟcal thermodynamic situaƟon and 
may yield strange expressions. 

 Start wriƟng with 𝑞 = 𝑞(𝑆, 𝑇) 
 Consider small change 𝑞 as 𝑑𝑞 
 Then use other given diffreƟal relaƟons (Don’t use diffreƟal relaƟons before) 
 Answer Ɵll 2 places 

Ans = ____________ 
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Q15.  Solve the Integral 

 ∫ ൬
ଵ

∫ ௘షమబమఱ ௫⌊೤⌋ಮ

బ
 ௗ௫

൰ 𝑑𝑦
ஶ

଴
 

Where  ⌊𝑦⌋ denotes the floor funcƟon, i.e., the greatest integer less than or equal to 𝑦. 

Note exp(x) = 𝑒𝑥. 

a. 5050.exp(5050) 

b. 2025exp(2025) 

c. 2025exp(2025)+2025 

d. exp(2025) 
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Answers 

1. 0.616 +
௔

ଶ
 

2. 0.785398 

3. √గ⋅௘
షቆ

రೌ೎ష್మ

రೌ
ቇ

√௔
 

4. −
గమ

଺௡
 

5. 120a 

6. 1 − 𝑒ୱ୧୬(ଵ) 

7. 1 

8. A <= B or  A < B 

9. A <= B 

10. 0.53, 0.54, 0.55  any one of them acceptable 

11. 𝜋𝑐 ⋅ ቤ𝑏ට1 −
௞మ

௔మ − 𝑎ට1 −
௛మ

௕మቤ 

12. 
𝜋𝑛/2

2
 

13. 0.51, 0.52, 0.53 any one of them acceptable 

14. -122.07, -122.08, -122.09 any one of them acceptable 

15. 2025exp(2025) 


